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Abstract
In this paper, we investigate the relative dominant dimension with
respect to an injective module and characterize the algebras with fi-
nite relative dominant dimension. As an application, we introduce
the almost n-precluster tilting module and establish a correspondence
between almost n-precluster tilting modules and almost n-minimal
Auslander-Gorenstein algebras. Moreover, we give a description of
the Gorenstein projective modules over almost n-minimal Auslander-
Gorenstein algebras in terms of the corresponding almost n-precluster
tilting modules.
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1 Introduction
Let Λ be an Artin algebra and I be an injective Λ-module. We say the
relative dominant dimension of Λ with respect to I is at least n ` 1 if Λ
has a minimal injective resolution 0 Ñ Λ Ñ I0 Ñ I1 Ñ ¨ ¨ ¨ Ñ In Ñ ¨ ¨ ¨
with I0, I1, . . . , In P add I, denoted by I-domdimΛ ě n` 1. If I is a maxi-
mal projective-injective summand of Λ, I-domdimΛ is called the dominant
dimension of Λ. The dominant dimension of an algebra, as a kind of im-
portant homological dimension, measures how far this algebra is from being
self-injective. In representation theory, algebras with finite dominant dimen-
sion are of particular interest. For instance, algebras with finite dominant
were characterized by the existence of certain tilting modules in [19] and
[20]. Any algebra with dominant dimension at least 2 is the endomorphism
algebra of a generator-cogenerator over an algebra, see [6] and [16]. Iyama
and Solberg studied algebras whose dominant dimensions are equal to their
Gorenstein dimensions in [15]. Then it is natural to consider whether we can
generalize these results to algebras with finite relative dominant dimension.
In this paper, we investigate the relative dominant dimension with respect
to an injective module whose projective dimension is finite. The main tool
that we use is the relative homology and relative cotilting theory introduced
in [3, 4, 5].
Assume I has projective dimension at most m, then I-domdimΛ ě n`1
implies that Λ satisfies the pm`1, n`1q-condition which is introduced in [12].
Let 0 Ñ Λ Ñ I0 Ñ I1 Ñ ¨ ¨ ¨ Ñ In Ñ ¨ ¨ ¨ be a minimal injective resolution
of Λ. Recall that an algebra Λ is said to satisfy the pm` 1, n` 1q-condition
if pd Ij ď m holds for 0 ď j ď n. Since the pm ` 1, n ` 1q-condition is not
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left-right symmetric, we say Λ satisfies the two-sided pm`1, n`1q-condition
if both Λ and Λop satisfy the pm`1, n`1q-condition. Iyama established the
relative version of higher Auslander correspondence to characterize algebras
satisfying the two-sided pm`1, n`1q-condition, see [13] for details. We study
and give a characterization of algebras satisfying the one-sided pm`1, n`1q-
condition, that is algebras Λ with I-domdimΛ ě n`1 for an injective module
I whose projective dimension is at most m.
First we show how to construct the algebra Λ with I-domdimΛ ě n` 1.
Theorem 1. (Theorem 3.3)Let A be an Artin algebra, M be an A-module
and Λ “ EndAM . If M satisfies piq DA P addM , piiq Ext
i
ApM,Mq “ 0
for 1 ď i ď n ´ 1 pn ě 1q and piiiq M -codimA ď m pm ě 0q, we have the
following.
p1q ΛI “ HomApA,Mq is an injective Λ-module with pdΛ I ď m.
p2q A – EndΛI and I-domdimΛ ě n` 1.
Conversely, we prove that any algebra Λ with I-domdimΛ ě n`1 is the
endomorphism algebra of a cogenerator satisfying certain conditions.
Theorem 2. (Theorem 3.6)Let Λ be an Artin algebra, I be an injective Λ-
module with projective dimension at most m pm ě 0q and A “ EndΛI. If
I-domdimΛ ě n` 1 pn ě 1q, we have the following.
p1q AM “ HomΛpΛ, Iq is a cogenerator over A and M -codimA ď m.
p2q ExtiApM,Mq “ 0 for 1 ď i ď n´ 1.
p3q Λ – EndAM .
The above results provide a characterization of algebras with finite rel-
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ative dominant dimension.
Now we focus our attention on a special kind of algebra with finite rel-
ative dominant dimension. Let I be the direct sum of all pairwise non-
isomorphic indecomposable injective Λ-modules with projective dimension
at most 1. We say Λ is an almost n-minimal Auslander-Gorenstein alge-
bra (respectively, almost n-Auslander algebra) if it satisfies idΛ ď n` 1 ď
I-domdimΛ (respectively, gldΛ ď n`1 ď I-domdimΛ ). This kind of alge-
bra was introduced by Adachi and Tsukamoto in [8] and was characterized
by the existence of certain tilting-cotilting modules. Based on Theorem 1
and Theorem 2, we want to characterize the almost n-minimal Auslander-
Gorenstein algebra from the viewpoint of higher Auslander correspondence
([13],[15]). This is the starting point of our paper.
The almost n-minimal Auslander-Gorenstein algebra is a generalization
of the n-minimal Auslander-Gorenstein algebra. In [15], Iyama and Sol-
berg established a correspondence between n-precluster tilting modules and
n-minimal Auslander-Gorenstein algebras. We generalize the n-precluster
tilting module to the almost n-precluster tilting module (Definition 4.2)
and prove the following correspondence for almost n-minimal Auslander-
Gorenstein algebras. This is the main result of our paper.
Theorem 3. (Theorem 4.11)Assume n ě 2. There exists a bijection between
the equivalence classes of almost n-precluster tilting modules over Artin al-
gebras and the Morita-equivalence classes of almost n-minimal Auslander-
Gorenstein algebras.
Moreover, we show some deep relations between almost n-precluster tilt-
ing modules and almost n-minimal Auslander-Gorenstein algebras. For an
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almost n-minimal Auslander-Gorenstein algebra Λ, we describe the Goren-
stein projective Λ-modules in terms of the corresponding A-module AM “
HomΛpΛ, Iq where A “ EndΛI.
Theorem 4. (Theorem 4.13)Let F “ FM be an additive sub-bifunctor of
Ext1Ap´,´q. Then the functor HomAp´,Mq induces a duality between M
KF
and GPpΛq. Moreover, MKF {rM s and GPpΛqop are equivalent as triangu-
lated categories.
Finally, we investigate a special class of almost n-precluster tilting mod-
ules (Definition 4.16) which correspond to almost n-Auslander algebras. For
the case n “ 2, all the modules in this class share the same number of pair-
wise non-isomorphic indecomposable direct summands (Proposition 4.17).
This paper is organized as follows. In section 2, we recall the relative
homology and relative cotilting theory which are the main tool in our paper.
Section 3 is devoted to the proof of Theorem 1 and Theorem 2. In section
4, we introduce the almost n-precluster tilting module. Then we prove
Theorem 3 and Theorem 4. The last part of section 4 gives some results on
almost n-cluster tilting modules.
2 Preliminaries
Throughout this paper, all algebras are Artin algebras and all modules
are finitely generated left modules. D is the Matlis dual. For an algebra A,
A-mod is the category of finitely generated A-modules. For an A-module
M , addM is the full subcategory of A-mod consisting of direct summands of
finite direct sums of M . M is called a generator (respectively, cogenerator)
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if A P addM prespectively,DA P addMq. We denote by pdM (respectively,
idM) the projective dimension (respectively, injective dimension) of M .
The composition of morphisms f : X Ñ Y and g : Y Ñ Z is denoted by
gf : X Ñ Z.
The aim of this section is to recall some basic definitions and results on
relative homology and relative cotilting theory. For a systematic study, refer
to [3, 4, 5].
2.1 Relative homology
Let A be an algebra and F be an additive sub-bifunctor of Ext1Ap´,´q :
pA-modqop ˆ A-mod Ñ Ab, where Ab is the category of abelian groups. A
short exact sequence 0 Ñ X Ñ Y Ñ Z Ñ 0 is called F -exact if it is in
F pZ,Xq. An A-module P is called F -projective if all F -exact sequences
0 Ñ X Ñ Y Ñ P Ñ 0 split. The F -injective module is defined dually.
Denote by PpF q prespectively,PpAqq the subcategory of F -projective (re-
spectively, projective) modules in A-mod and by IpF q prespetively,IpAqq
the subcategory of F -injective (respectively, injective) modules in A-mod,
we have PpF q “ PpAqYτ´IpF q and IpF q “ IpAqYτPpF q by [3, Corollary
1.6]. F is said to have enough F -projectives (respectively, F -injectives) if
for any X P A-mod there exists an F -exact sequence 0Ñ Y Ñ P Ñ X Ñ 0
with P P PpF q prespectively, 0Ñ X Ñ I Ñ Y Ñ 0 with I P IpF qq.
Let M be an A-module. In this paper, we work with additive sub-
bifunctors of Ext1Ap´,´q of the form F
M and FM . For each pair of A-
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modules X and Z, we define
FM pZ,Xq “ t0Ñ X Ñ Y Ñ Z Ñ 0 P Ext1ApZ,Xq
| HomApY,Nq Ñ HomApX,Nq Ñ 0 is exact for all N P addMu.
FM is defined dually. It is shown in [3] that F
M and FM are additive
sub-bifunctors of Ext1Ap´,´q and they have enough F -projectives and F -
injectives. Moreover, PpFM q “ addpA‘Mq and IpF
M q “ addpDA‘Mq.
For an A-module X, an exact sequence ¨ ¨ ¨ Ñ Pl
flÝÑ Pl´1 Ñ ¨ ¨ ¨ Ñ P1
f1
ÝÑ
P0
f0
ÝÑ X Ñ 0 is called an F -projective resolution of X if all Pi P PpF q and
all 0Ñ Imfi`1 Ñ Pi Ñ Imfi Ñ 0 are F -exact. The F -projective dimension
of X, denoted by pdFX, is the smallest n such that there exists an F -
projective resolution 0 Ñ Pn Ñ ¨ ¨ ¨ Ñ P1 Ñ P0 Ñ X Ñ 0. Dually, we can
define the F -injective resolution and F -injective dimension of X. Similar to
the extension group ExtiApX,Y q, by using the F -projective resolution of X
or the F -injective resolution of Y , we can define the F -relative extension
group ExtiF pX,Y q and they share many basic properties. Then the F -
global dimension of A is defined as gldFA “ suptpdFX | X P A-modu “
suptidFY |Y P A-modu.
For a subcategory C of A-mod, we write KF C “ tX P A-mod | ExtiF pX, Cq
“ 0 for all i ą 0u and CKF “ tX P A-mod | ExtiF pC,Xq “ 0 for all i ą 0u.
If F “ Ext1Ap´,´q, we denote
KF C and CKF by KC and CK respectively. For
an integer n, we write KnC “ tX P A-mod | ExtiApX, Cq “ 0 for 1 ď i ď nu
and CKn “ tX P A-mod | ExtiApC,Xq “ 0 for 1 ď i ď nu.
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2.2 Relative cotilting theory
Let F be an additive sub-bifunctor of Ext1Ap´,´q. We recall the defini-
tion of F -cotilting modules.
Definition 2.1. An A-module T is called F -cotilting if it satisfies
p1q idFT ă 8,
p2q ExtiF pT, T q “ 0 for i ą 0,
p3q There exists an F -exact sequence 0Ñ Tl Ñ ¨ ¨ ¨ Ñ T1 Ñ T0 Ñ I Ñ 0
with Ti P addT for any I in IpF q.
We need the following results on F -cotilting modules later.
Theorem 2.2. ([4]) Let T be an F -cotilting A-module and Λ “ EndAT ,
then we have the following.
p1q A – EndΛT .
p2q The module U “ HomApPpF q, T q is a cotilting Λ-module with idFT ď
idΛU ď idFT ` 2.
p3q HomAp´, T q : A-mod Ñ Λ-mod induces a duality between
KF T and
KU and ExtiF pX,Y q – Ext
i
ΛpHomApY, T q,HomApX,T qq for all modules X
and Y in KF T and i ě 0.
Proof. (1) is [4, Corollary 3.4] and (2) is [4, Theorem 3.13(d)]. (3) follows
from [4, Corollary 3.6, Proposition 3.7].
Let X be an A-module and Γ “ EndAX. For an A-module Y , we say
X dualizes Y if the natural homomorphism Y Ñ HomΓpHomApY,Xq,Xq is
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an isomorphism. This is equivalent to that there exists an exact sequence
0 Ñ Y
f
ÝÑ X0 Ñ X1 where f is a left addX-approximation of Y and
X0,X1 P addX by [5, Proposition 2.1]. If X is a direct summand of Y , we
call X is a dualizing summand of Y .
Given a dualizing summand of a cotilting module, we can get a relative
cotilting module.
Theorem 2.3. [15, Theorem 2.10]Let Λ be an Artin algebra and U be a
cotilting Λ-module. For a dualizing summand T of U , let A “ EndΛT ,
X “ HomΛpU, T q and F “ FX be an additive sub-bifunctor of Ext
1
Ap´,´q.
Then the following hold.
p1q Λ – EndAT .
p2q T is an F -cotilting A-module with idFT ď maxtidΛU, 2u.
p3q If T is an injective Λ-module, then idFT ď maxtidΛU ´ 2, 0u.
F -Gorenstein algebras were introduced by Auslander and Solberg in [6]
to characterize Gorenstein endomorphism algebras of F -cotilting modules.
Let P8pF q “ tX P A-mod|pdFX ă 8u and I
8pF q “ tY P A-mod| idFY ă
8u. Recall that an Artin algebra A is called F -Gorenstein if P8pF q “
I8pF q.
Proposition 2.4. [6, Proposition 3.6]Let T be an F -cotilting A-module and
Λ “ EndAT . Then the following are equivalent.
p1q Λ is Gorenstein.
p2q T is an F -tilting A-module.
p3q A is F -Gorenstein.
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3 Algebras with finite relative dominant dimen-
sion
Let Λ be an Artin algebra and I be an injective Λ-module whose projec-
tive dimension is at most m. In this section, we characterize the algebra Λ
with I-domdimΛ ě n` 1.
First we give a description of the injective Λ-modules whose projective
dimensions are at most m.
Proposition 3.1. Let 0 Ñ Λ Ñ I0 Ñ I1 Ñ ¨ ¨ ¨ Ñ In Ñ In`1 Ñ ¨ ¨ ¨ be a
minimal injective resolution of Λ and I-domdimΛ ě n` 1. If m ď n, then
add I consists of all the injective Λ-modules whose projective dimensions are
at most m.
Proof. Since I-domdimΛ ě n` 1, we have ‘nj“0Ij P add I. For an injective
Λ-module J with pdJ ď m, J P addp‘mj“0Ijq holds according to [18, The-
orem 2.2]. Note that m ď n and pd I ď m, we know that add I consists of
all the injective Λ-modules whose projective dimensions are at most m.
Remark 3.2. When m ą n, add I does not always contain all the injective
modules with projective dimension at most m. Let Γ be the algebra given
by the quiver 1
α
ÝÑ 2
β
ÝÑ 3
γ
ÝÑ 4 Ð 5 Ð 6 and the relation γβα “ 0. Take
I “ ‘6j“2Ipjq. It is easy to check that pd I “ 2 and I-domdimΓ “ 2.
However, pd Ip1q “ 2 and Ip1q R add I.
Let A be an Artin algebra and M be a cogenerator over A. For an A-
module X, an exact sequence 0 Ñ X
f0
ÝÑ M0
f1
ÝÑ M1
f2
ÝÑ M2
f3
ÝÑ ¨ ¨ ¨ with
Mi P addM is called an M -coresolution of X. Moreover, an M -coresolution
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of X is called minimal if fi is a minimal left addM -approximation for all
i ě 0. The M -coresolution of X always exists since M is a cogenerator.
TheM -coresolution dimension of X, denoted by M -codimX, is the number
l such that there exists a minimal M -coresolution 0 Ñ X Ñ M0 Ñ ¨ ¨ ¨ Ñ
Ml´1 ÑMl Ñ 0.
In [6], Auslander and Solberg proved that the endomorphism algebra of
a generator-cogenerator has dominant dimension at least 2. Now we show
how to construct algebras with finite relative dominant dimension.
Theorem 3.3. Let A be an Artin algebra, M be an A-module and Λ “
EndAM . If M satisfies piq DA P addM , piiq Ext
i
ApM,Mq “ 0 for 1 ď i ď
n´ 1 pn ě 1q and piiiq M -codimA ď m pm ě 0q, we have the following.
p1q ΛI “ HomApA,Mq is an injective Λ-module with pdΛ I ď m.
p2q A – EndΛI and I-domdimΛ ě n` 1.
Proof. Since ΛI “ HomApA,Mq – DHomApM,DAq and DA P addM , we
know that I is an injective Λ-module. Let 0 Ñ A Ñ M0 Ñ M1 Ñ ¨ ¨ ¨ Ñ
Mm Ñ 0 be a minimal M -coresolution of A. Applying HomAp´,Mq, we
get an exact sequence 0 Ñ HomApMm,Mq Ñ ¨ ¨ ¨ Ñ HomApM1,Mq Ñ
HomApM0,Mq Ñ I Ñ 0 which is a projective resolution of I. This implies
pdΛ I ď m.
Let F “ FM be an additive sub-bifunctor of Ext1Ap´,´q. Note that
IpFM q “ addpDA ‘Mq “ addM , we know M is an F -cotilting module.
Then A – EndΛI follows from Theorem 2.2 (1). Take a minimal projec-
tive resolution ¨ ¨ ¨ Ñ Pn Ñ ¨ ¨ ¨ Ñ P1 Ñ P0 Ñ M Ñ 0 of M . Since
ExtiApM,Mq “ 0 for 1 ď i ď n´ 1, applying HomAp´,Mq, we get an exact
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sequence 0 Ñ Λ Ñ HomApP0,Mq Ñ HomApP1,Mq Ñ ¨ ¨ ¨ Ñ HomApPn,Mq
with HomApPi,Mq P addHomApA,Mq “ add I for 0 ď i ď n. This implies
I-domdimΛ ě n` 1.
Taking n “ 1 and m “ 0, we recover the following result in [6] immedi-
ately.
Corollary 3.4. [6, Proposition 2.5]Let T be a generator-cogenerator over
A and Γ “ EndAT . Then Γ has dominant dimension at least 2 and add ΓT
consists of all projective-injective Γ-modules.
Proof. A P addT implies T -codimA “ 0. By Theorem 3.3, we know that
ΓI “ HomApA,T q is projective and Γ has dominant dimension at least
2. Moreover, according to Proposition 3.1, add I “ add ΓT consists of all
projective-injective modules.
For an A-module X, we show how to calculate I-domdimHomApX,Mq
in terms of ExtiApX,Mq. This is inspired by [16, Lemma 3] and [17, Theorem
1.2].
Proposition 3.5. Keep the notations in Theorem 3.3 and let I-domdimě2pΛq
“ tY P Λ-mod | I-domdimY ě 2u. The functor HomAp´,Mq induces a du-
ality between A-mod and I-domdimě2pΛq. Moreover, I-domdimHomApX,Mq
“ infti ě 1 | ExtiApX,Mq ‰ 0u ` 1 for an A-module X.
Proof. For an A-module X, let l “ infti ě 1 | ExtiApX,Mq ‰ 0u and
¨ ¨ ¨ Ñ Pl Ñ Pl´1 Ñ ¨ ¨ ¨ Ñ P0 Ñ X Ñ 0 be a minimal projective res-
olution of X. Applying HomAp´,Mq yields an injective resolution 0 Ñ
HomApX,Mq Ñ HomApP0,Mq Ñ ¨ ¨ ¨ Ñ HomApPl´1,Mq Ñ HomApPl,Mq
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with HomApPi,Mq P add I for 0 ď i ď l. This implies I-domdimHomApX,Mq
ě l`1. If I-domdimHomApX,Mq ą l`1, we get infti ě 1 | Ext
i
ApX,Mq ‰
0u ą l, a contradiction. Thus I-domdimHomApX,Mq “ l ` 1 ě 2.
Note thatM is a cogenerator, according to the dual of [1, Lemma 1.3(b)],
HomAp´,Mq is fully faithful. We only need to show it is dense. For a
Λ-module Y with I-domdimY ě 2, there exists an exact sequence 0 Ñ
Y Ñ HomApQ0,Mq
f˚
ÝÑ HomApQ1,Mq where Q0 and Q1 are projective A-
modules. By Yoneda’s lemma, there is an f P HomApQ1, Q0q such that f
˚ “
HomApf,Mq. Applying HomAp´,Mq to Q1
f
ÝÑ Q0 Ñ cokerf Ñ 0, we get an
exact sequence 0Ñ HomApcokerf,Mq Ñ HomApQ0,Mq
f˚
ÝÑ HomApQ1,Mq.
Thus Y – HomApcokerf,Mq and this completes our proof.
Conversely, any algebra with finite relative dominant dimension is the
endomorphism algebra of a cogenerator satisfying certain conditions.
Theorem 3.6. Let Λ be an Artin algebra, I be an injective Λ-module with
projective dimension at most m pm ě 0q and A “ EndΛI. If I-domdimΛ ě
n` 1 pn ě 1q, we have the following.
p1q AM “ HomΛpΛ, Iq is a cogenerator over A and M -codimA ď m.
p2q ExtiApM,Mq “ 0 for 1 ď i ď n´ 1.
p3q Λ – EndAM .
Proof. Since I-domdimΛ ě n`1, there exists a minimal injective resolution
0 Ñ ΛÑ I0 Ñ I1 Ñ ¨ ¨ ¨ Ñ In´1 Ñ In Ñ ¨ ¨ ¨ with Ij P add I for 0 ď j ď n.
I0, I1 P add I implies that I dualizes Λ. Then Λ – EndAM holds accord-
ing to [6, Lemma 2.1]. Note that DA “ DHomΛpI, Iq – HomΛpυ
´
Λ I, Iq P
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addHomΛpΛ, Iq “ addM where υΛ is the Nakayama functor. Thus M is
a cogenerator over A. Let 0 Ñ Qm
fm
ÝÝÑ ¨ ¨ ¨ Ñ Q1
f1ÝÑ Q0
f0ÝÑ I Ñ 0 be
a minimal projective resolution of I. Since I dualizes Λ, we know I du-
alizes the projective Λ-modules Qi and then Qi – HomApHomΛpQi, Iq,Mq
holds for 0 ď i ď m. Thus applying HomΛp´, Iq yields an exact sequence
0 Ñ A
f˚
0ÝÑ HomΛpQ0, Iq
f˚
1ÝÑ HomΛpQ1, Iq Ñ ¨ ¨ ¨
f˚mÝÝÑ HomΛpQm, Iq Ñ 0
with HomΛpQi, Iq P addM and f
˚
i left addM -approximation. It follows
that M -codimA ď m.
Now we prove ExtiApM,Mq “ 0 for 1 ď i ď n´1. Applying HomΛp´, Iq
to the minimal injective resolution of Λ gives rise to an exact sequence
¨ ¨ ¨ Ñ HomΛpIn, Iq Ñ HomΛpIn´1, Iq Ñ ¨ ¨ ¨ Ñ HomΛpI0, Iq Ñ M Ñ 0
which is a projective resolution of M . In order to calculate ExtiApM,Mq,
we need to consider the upper row of the following diagram. According
to the dual of [2, Proposition 2.1, II ], we have HomApHomΛpIj , Iq,Mq “
HomApHomΛpIj, Iq,HomΛpΛ, Iqq – HomΛpΛ, Ijq – Ij for 0 ď j ď n. Then
the following diagram is commutative.
0 // pM,Mq
–

// ppI0, Iq,Mq
–

// ¨ ¨ ¨ // ppIn´1, Iq,Mq
–

//
AppIn, Iq,Mq
–

0 // Λ // I0 // ¨ ¨ ¨ // In´1 // In
Since the lower row is exact, the upper row is also exact and then we get
ExtiApM,Mq “ 0 for 1 ď i ď n´ 1.
The above theorem is a generalization of the following result in [6].
Corollary 3.7. [6, Proposition 2.6] Let Γ be an Artin algebra with dominant
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dimension at least 2, T be the maximal injective direct summand of Γ and
A “ EndΓ T . Then AM “ HomΓpΓ, T q is a generator-cogenerator over A
and Γ – EndAM .
Proof. Note that T -domdimΓ “ domdimΓ ě 2. By Theorem 3.6, we have
M -codimA “ 0 and then A P addM . Thus M is a generator-cogenerator
and Γ – EndAM .
For an Artin algebra Λ with I-domdimΛ ě n ` 1, although we have
domdim ΛΛ “ domdimΛΛ, there does not necessarily exist an injective right
Λ-module J with projective dimension at mostm such that JΛ-domdimΛΛ ě
n ` 1. If such an injective right Λ-module exists, Λ satisfies the two-sided
pm`1, n`1q-condition which is introduced by Iyama in [12]. He established
the m-relative higher Auslander correspondence to characterize the algebras
satisfying the two-sided pm ` 1, n ` 1q-condition, see [13] for details. The
following result is an easy case of [13, Theorem 4.2.2].
Proposition 3.8. Let M be an A-module satisfying the conditions piq, piiq
and piiiq in Theorem 3.3 and Λ “ EndAM . If m ă n and A has a minimal
M -coresolution 0Ñ A ÑM0 Ñ M1 Ñ ¨ ¨ ¨ Ñ Mm Ñ 0 with pdp‘
m
i“0Miq ď
m, there exists an injective right Λ-module J with projective dimension at
most m such that J-domdimΛΛ ě n` 1.
Proof. Let T be a basic A-module such that addT “ addp‘mi“0Miq. T is an
m-tilting A-module and M P TK. By the dual of of [13, Theorem 4.2.2], Λ
satisfies the two-sided pm` 1, n` 1q-condition. Thus there exists a minimal
injective resolution 0 Ñ ΛΛ Ñ J0 Ñ ¨ ¨ ¨ Ñ Jn Ñ Jn`1 Ñ ¨ ¨ ¨ of right
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Λ-module Λ with pdJi ď m for 0 ď i ď n. Take J “ addp‘
n
i“0Jiq, we have
J-domdimΛΛ ě n` 1.
4 Almost n-minimal Auslander-Gorenstein alge-
bras
In [6], Iyama and Solberg defined the n-minimal Auslander-Gorenstein
algebra and characterized them as the endomorphism algebras of n-precluster
tilting modules. Recently, Adachi and Tsukamoto introduced the almost n-
minimal Auslander-Gorenstein algebra in [8] which is a generalization of
the n-minimal Auslander-Gorenstein algebra. In this section, we define the
almost n-precluster tilting module and characterize the almost n-minimal
Auslander-Gorenstein algebra as the endomorphism algebra of the almost n-
precluster tilting module. Moreover, we describe the Gorenstein projective
modules over the almost n-minimal Auslander-Gorenstein algebra in terms
of the corresponding almost n-precluster tilting module.
4.1 Almost n-precluster tilting modules
In this subsection, we introduce and study the almost n-precluster tilting
module.
Definition 4.1. [8, Definition 3.11]Let Λ be an Artin algebra and I be
the direct sum of all pairwise non-isomorphic indecomposable injective Λ-
modules with projective dimension at most 1. Λ is called an almost n-
minimal Auslander-Gorenstein algebra prespectively, an almost n-Auslander
algebra q if it satisfies id Λ ď n ` 1 ď I-domdimΛ prespectively, gldΛ ď
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n` 1 ď I-domdimΛ q for an integer n ě 0.
It is obvious that any n-minimal Auslander-Gorenstein algebra (idΛ ď
n ` 1 ď domdimΛ) is an almost n-minimal Auslander-Gorenstein algebra
and any n-Auslander algebra ( gld Λ ď n ` 1 ď domdimΛ ) is an almost n-
Auslander algebra. Recall that an Artin algebra Λ is called an n-Gorenstein
(or Iwanaga-Gorenstein more precisely) algebra if idΛΛ “ idΛΛ ď n. 1-
Gorenstein algebra is an almost m-minimal Auslander-Gorenstein algebra
for any integer m ě 0. On the other hand, any almost n-minimal Auslander-
Gorenstein algebra is pn ` 1q-Gorenstein according to [8, Proposition 3.14
(1)]. In fact, an almost n-minimal Auslander-Gorenstein algebra Λ is either
a 1-Gorenstein algebra or an algebra with idΛ “ n ` 1 “ I-domdimΛ
pn ě 1q.
Now we give the definition of the almost n-precluster tilting module.
Definition 4.2. Let A be an Artin algebra and M be an A-module. We call
M an almost n-precluster tilting module if it satisfies the following conditions
p1q M is a cogenerator over A.
p2q ExtiApM,Mq “ 0 for 1 ď i ď n´ 1.
p3q τnM P addM where τn “ τΩ
n´1
A : A-mod Ñ A-mod is the n-
Auslander-Reiten translation.
p4q M -codimA ď 1.
Here we use the notion of almost n-precluster tilting module in corre-
spondence to the notion of almost n-minimal Auslander-Gorenstein algebra
introduced in [8]. Obviously any n-precluster tilting module is an almost
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n-precluster tilting module. Furthermore, we show the following relations
between almost n-precluster tilting modules and n-precluster tilting mod-
ules.
Proposition 4.3. Let M be an almost n-precluster tilting module. Then M
is an n-precluster tilting module if and only if A P addM .
Proof. If M is an n-precluster tilting module, then A P addM according to
the definition of n-precluster tilting modules.
Conversely, assume A P addM . We only need to prove τ´n M P addM .
Since ExtiApM,Mq “ 0 for 1 ď i ď n ´ 1, M P
Kn´1A X DAKn´1 holds.
For an A-module X, denote by |X| the number of pairwise non-isomorphic
indecomposable direct summands of X. Note that τn :
Kn´1A Ñ DAKn´1
and τ´n : DA
Kn´1 Ñ Kn´1A are equivalences. Then we have |τnM |` |DA| “
|τnpM{Aq| ` |A| “ |M{A| ` |A| “ |M |. Because τnM ‘ DA P addM
and add τnM X addDA “ 0, we know addM “ add pτnM ‘ DAq. Thus
τ´n M P addpτ
´
n pτnM ‘DAqq “ addM{A Ď addM .
Remark 4.4. If N is an n-precluster tilting A-module, we have τ´n N P
addN and ExtiApN,Aq “ 0 for 1 ď i ď n ´ 1. For an almost n-precluster
tilting A-module M ,
p1q τ´n M P addM does not necessarily hold. Let A be the algebra given
by the quiver 1
α
  
  
  
 
2
β // 3
γ
__❃❃❃❃❃❃❃
and the relations γβα “ αγβ “ 0. Take
M “ 1 ‘ 3
1
‘ DA. It is easily checked that M is an almost 2-precluster
tilting module. However, τ´2 1 “
1
2
R addM .
p2q If n ě 3, we have ExtiApM,Aq “ 0 for 2 ď i ď n ´ 1. This is
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obvious if A P addM . Otherwise, let 0 Ñ A Ñ M0 Ñ M1 Ñ 0 be a
minimalM -coresolution of A. Applying HomApM,´q yields exact sequences
Exti´1A pM,M1q Ñ Ext
i
ApM,Aq Ñ Ext
i
ApM,M0q for 2 ď i ď n´ 1. Thus we
have ExtiApM,Aq “ 0 for 2 ď i ď n´ 1.
The following lemma is similar to a result which is contained in the proof
of [9, Proposition 3.9]. For the convenience of readers, we give a proof here.
Lemma 4.5. Let M be an A-module and ¨ ¨ ¨ Ñ Pn Ñ Pn´1 Ñ ¨ ¨ ¨ Ñ
P0 ÑM Ñ 0 be a minimal projective resolution of M . If Ext
i
ApM,Mq “ 0
for 1 ď i ď n ´ 1, then 0 Ñ HomApM,Mq Ñ HomApP0,Mq Ñ ¨ ¨ ¨ Ñ
HomApPn´1,Mq Ñ HomApPn,Mq Ñ DHomApM, τnMq Ñ 0 is exact.
Proof. Applying HomAp´,Mq to the minimal projective resolution of M ,
we get an exact sequence 0 Ñ HomApM,Mq Ñ HomApP0,Mq Ñ ¨ ¨ ¨ Ñ
HomApPn´1,Mq Ñ HomApPn,Mq since Ext
i
ApM,Mq “ 0 for 1 ď i ď n´ 1.
Consider the exact sequence Pn Ñ Pn´1 Ñ Ω
n´1M Ñ 0. According to
[7, Proposition 2.4 (a), IV], there exists an exact sequence 0Ñ τΩn´1M “
τnM Ñ υPn Ñ υPn´1. Applying DHomApM,´q, we get an exact se-
quence DHomApM,υPn´1q Ñ DHomApM,υPnq Ñ DHomApM, τnMq Ñ
0. Note that DHomApM,υPiq – HomApPi,Mq for i “ n ´ 1, n. Thus
HomApPn´1,Mq Ñ HomApPn,Mq Ñ DHomApM, τnMq Ñ 0 is exact and
this completes our proof.
For an almost n-precluster tilting moduleM , according to its definition,
we have τnM ‘DA P addM . Moreover we give the following result.
Proposition 4.6. Let M be an almost n-precluster tilting A-module. Then
we have addM “ addpτnM ‘DAq.
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Proof. Let Λ “ EndAM and ΛI “ HomApA,Mq. According to Theorem
3.3, I is an injective Λ-module with pdΛI ď 1. It is known that the functor
HomApM,´q induces an equivalence between addM and the subcategory
PpΛΛq of all projective right Λ-modules. Since τnM‘DA P addM , we have
|τnM‘DA| “ |HomApM, τnM‘DAq|. By Lemma 4.5, we get the following
injective resolution of Λ
0Ñ ΛÑ HomApP0,Mq Ñ ¨ ¨ ¨ Ñ HomApPn,Mq Ñ DHomApM, τnMq Ñ 0
with HomApPi,Mq P add ΛI for 0 ď i ď n. This implies that the injec-
tive Λ-module DHomApM, τnMq has finite projective dimension. Let N
be a basic Λ-module such that addN “ addpI ‘ DHomApM, τnMqq. N
is an injective Λ-module with finite projective dimension. Moreover, N
is a tilting Λ-module and then |N | “ |Λ| “ |M |. On the other hand,
since I – DHomApM,DAq, we have |N | “ |I ‘ DHomApM, τnMq| “
|DHomApM,DA ‘ τnMq| “ |DA ‘ τnM |. Then |DA ‘ τnM | “ |M | and
thus we get addM “ addpτnM ‘DAq.
Corollary 4.7. Any almost 1-precluster tilting A-module is a 1-precluster
tilting A-module.
Proof. Let M be an almost 1-precluster tilting A-module. According to
Proposition 4.3, we only need to prove A P addM . First we have addM “
addpτM‘DAq by Proposition 4.6. Then consider the additive sub-bifunctor
FM of Ext1Ap´,´q. We have IpF
Mq “ addM and PpFM q “ addpτ´M ‘
Aq “ addpτ´τM ‘ Aq “ addpM ‘ Aq. According to [3, Corollary 1.6(3)],
|M | “ |M ‘A| holds and thus A P addM .
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The above corollary tells us that almost 1-precluster tilting modules
coincide with 1-precluster tilting modules.
4.2 The correspondence between almost n-precluster tilting
modules and almost n-minimal Auslander-Gorenstein al-
gebras
In this subsection, we characterize almost n-minimal Auslander-Gorenstein
algebras as the endomorphism algebras of almost n-precluster tilting mod-
ules.
First we show that given an almost n-precluster tilting module, we can
construct an almost n-minimal Auslander-Gorenstein algebra.
Theorem 4.8. Let A be an Artin algebra, M be an almost n-precluster
tilting A-module pn ě 1q and Λ “ EndAM . Then we have the following.
p1q ΛI “ HomApA,Mq is an injective Λ-module with pdΛI ď 1 and
A – EndΛI.
p2q Λ is an almost n-minimal Auslander-Gorenstein algebra with id Λ “
n` 1 “ I-domdimΛ.
Proof. p1q follows from Theorem 3.3. Moreover, we have I-domdimΛ ě
n ` 1 and add I contains all injective Λ-modules with projective dimen-
sion at most 1 according to Proposition 3.1. By Lemma 4.5, there exists
an exact sequence 0 Ñ Λ Ñ HomApP0,Mq Ñ ¨ ¨ ¨ Ñ HomApPn´1,Mq Ñ
HomApPn,Mq Ñ DHomApM, τnMq Ñ 0 with HomApPi,Mq P add I for
0 ď i ď n. Since τnM P addM , DHomApM, τnMq is an injective Λ-module.
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This implies that idΛ ď n ` 1. Thus Λ is an almost n-minimal Auslander-
Gorenstein algebra.
Conversely, an almost n-minimal Auslander-Gorenstein algebra can give
rise to an almost n-precluster tilting module.
Theorem 4.9. Let Λ be an almost n-minimal Auslander-Gorenstein algebra
with id Λ “ n ` 1 “ I-domdimΛ pn ě 2q and A “ EndΛI. Then we have
the following.
p1q AM “ HomΛpΛ, Iq is an almost n-precluster tilting A-module.
p2q Λ – EndAM .
Proof. By Theorem 3.6, we only need to prove τnM P addM . Let 0 Ñ
Λ
f0
ÝÑ I0
f1
ÝÑ ¨ ¨ ¨
fn
ÝÑ In
fn`1
ÝÝÝÑ In`1 Ñ 0 with Ij P add I for 0 ď j ď n be a
minimal injective resolution of Λ and U “ kerfn ‘ I. Then U is a cotilting
Λ-module with idU “ 2 according to [8, Theorem 3.17] and I is a dualizing
summand of U . Consider the additive sub-bifunctor F “ FHomΛpU,Iq of
Ext1Ap´,´q. By Theorem 2.3, M “ HomΛpΛ, Iq is an F -cotilting A-module
with idFM “ 0. Then we have IpF q “ addM . On the other hand, IpF q “
addpτHomΛpU, Iq ‘DAq holds. Thus we get τHomΛpU, Iq P addM .
Consider the exact sequence 0Ñ ΛÑ I0 ¨ ¨ ¨ Ñ In´2 Ñ kerfn Ñ 0. Since
I is injective, applying HomΛp´, Iq yields the following exact sequence
0Ñ HomΛpkerfn, Iq Ñ HomΛpIn´2, Iq Ñ ¨ ¨ ¨HomΛpI0, Iq ÑM Ñ 0
where HomΛpIj , Iq are projective A-modules for 0 ď j ď n´2. Then we have
τHomΛpU, Iq “ τHomΛpkerfn, Iq “ τΩ
n´1M “ τnM and this completes our
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proof.
Remark 4.10. In the above theorem we assume n ě 2 to make sure the
existence of a 2-cotilting Λ-module U with a dualizing summand I. When
n “ 1, Λ is an almost 2-minimal Auslander-Gorenstein algebra. By Theorem
3.6 and Lemma 4.5, M satisfies (i) DA P addM and M -codimA ď 1, (ii)
Λ – EndAM and (iii) HomApM, τMq is a projective right Λ-module. Con-
versely given an A-module M satisfying (i),(ii) and (iii), it is easy to check
that Λ “ EndAM is an almost 2-minimal Auslander-Gorenstein algebra and
A – EndΛI.
Combining Theorem 4.8 and Theorem 4.9, we give the main result in
this section.
Theorem 4.11. Assume n ě 2. There exists a bijection between the equiv-
alence classes of almost n-precluster tilting modules over Artin algebras and
the Morita-equivalence classes of almost n-minimal Auslander-Gorenstein
algebras.
Since the relative dominant dimension of an algebra is not left-right
symmetric, the almost n-minimal Auslander-Gorenstein algebra is also not
left-right symmetric. For an almost n-minimal Auslander-Gorenstein alge-
bra Λ, Λop is not always an almost n-minimal Auslander-Gorenstein algebra.
Or equivalently, JΛ-domdimΛΛ ě n ` 1 does not always hold where add J
consists of all injective right Λ-modules with projective dimension at most
1. We give a sufficient condition for Λ being left-right symmetric.
Proposition 4.12. Assume n ě 2. Let M be an almost n-precluster tilting
module over an Artin algebra A and 0Ñ AÑM0 ÑM1 Ñ 0 be a minimal
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M -coresolution of A. If pdApM0‘M1q ď 1, Λ
op “ pEndAMq
op is an almost
n-minimal Auslander-Gorenstein algebra.
Proof. By Proposition 3.8, we have JΛ-domdimΛΛ ě n ` 1. Since Λ is
pn ` 1q-Gorenstein, id ΛΛ ď n ` 1 holds. Thus Λ
op is an almost n-minimal
Auslander-Gorenstein algebra.
4.3 Gorenstein projective modules over almost n-minimal
Auslander-Gorenstein algebras
Let Λ be an almost n-minimal Auslander-Gorenstein algebra with idΛ “
n` 1 “ I-domdimΛ pn ě 1q and A “ EndΛI. We describe the subcategory
GPpΛq of Gorenstein projective Λ-modules in terms of the corresponding
A-module AM “ HomΛpΛ, Iq.
Theorem 4.13. Let F “ FM be an additive sub-bifunctor of Ext1Ap´,´q.
Then we have the following.
p1q M is an F -tilting A-module and MKF is a Frobenius category with
projective-injective objects addM .
p2q If n ě 2, M is an almost n-precluster tilting A-module with pdFM ď
n´ 1 and MKF “MKn´1.
p3q HomAp´,Mq induces a duality between M
KF and GPpΛq. Moreover,
MKF {rM s and GPpΛqop are equivalent as triangulated categories.
Proof. (1) By Theorem 3.6, M is a cogenerator over A and Λ – EndAM .
Then we have IpF q “ addpM ‘ DAq “ addM and M is an F -cotilting
A-module. Since Λ is Gorenstein, according to Proposition 2.4, M is an
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F -tilting A-module and A is F -Gorenstein. By the dual of [4, Theorem
3.24] and the dual of [4, Proposition 2.3], there exists an F -exact sequence
0Ñ Y ÑMX Ñ X Ñ 0 withMX P addM for any X PM
KF . Note thatM
is a projective object in MKF . Then MKF has enough projective-injective
objects addM with respect to F -exact sequences. ThusMKF is a Frobenius
category where short exact sequences are precisely F -exact sequences. Let
rM s be the ideal of morphisms factoring through an object in addM . It
follows that MKF {rM s is a triangulated category.
(2) If n ě 2, M is an almost n-precluster tilting A-module by Theorem
4.11. Then we have addM “ addpτnM‘DAq and PpF q “ addpτ
´M‘Aq “
addpτ´τnM‘Aq “ addpΩ
n´1M‘Aq. Since ExtiApM,Mq “ 0 for 1 ď i ď n´
1, the first n terms 0 Ñ Ωn´1M Ñ Pn´2 Ñ ¨ ¨ ¨ Ñ P1 Ñ P0 Ñ M Ñ 0 of a
minimal projective resolution ofM is an F -projective resolution ofM . Then
pdFM ď n ´ 1 and this implies that M
KF “ tX P A-mod|ExtiF pM,Xq “
0 for 1 ď i ď n ´ 1u. On the other hand, ExtiF pM,Xq “ Ext
i
ApM,Xq holds
for 1 ď i ď n´1 and any A-module X according to [15, Proposition 2.5(1)].
Thus we get MKF “MKn´1 .
(3) Since IpF q “ addpM ‘DAq “ addM , we have KFM “ A-mod. By
Theorem 2.2, HomAp´,Mq induces a duality between A-mod and
KU where
U “ HomApPpF q,Mq is a cotilting Λ-module. For a Gorenstein Λ-module
N , ExtiΛpN,Uq “ 0 holds for i ě 1 since U has finite injective dimension.
Thus there exists an A-module L such that N – HomApL,Mq. According to
Theorem 2.2(3), we have ExtiΛpN,Λq “ Ext
i
ΛpHomApL,Mq,HomApM,Mqq –
ExtiF pM,Lq for i ě 1. Note that Λ is Gorenstein and GPpΛq “
KΛ. Then
N is Gorenstein projective if and only if L P MKF . Since the functor
HomAp´,Mq is a fully faithful, it induces an duality between M
KF and
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GPpΛq. Moreover, we get a triangle equivalence between MKF {rM s and
GPpΛqop.
It is known that a Gorenstein algebra has finite global dimension if and
only if every Gorenstein projective module is projective. Immediately we
get the following characterization of almost n-Auslander algebras.
Corollary 4.14. Keep the notations in Theorem 4.13. Then the following
are equivalent.
p1q Λ is an almost n-Auslander algebra.
p2q Λ has finite global dimension.
p3q MKF “ addM
Proof. p1q ðñ p2q: This follows from [8, Proposition 3.15(1)].
p2q ðñ p3q: We have a duality HomAp´,Mq : addM Ñ PpΛq. Note
that Λ is a Gorenstein algebra. By Theorem 4.13(3), MKF “ addM if and
only if GPpΛq “ PpΛq if and only if gldΛ ă 8.
For an n-precluster tilting A-module N , Kn´1N “ NKn´1 holds ac-
cording to [15, Proposition 3.8]. We give a similar result for an almost
n-precluster tilting A-module M by calculating the relative dominant di-
mension of Gorenstein projective Λ-modules.
Proposition 4.15. Keep the notations in Theorem 4.13. We have the fol-
lowing.
p1q I-domdimX ě n ` 1 holds for any Gorenstein projective Λ-module
X.
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p2q If n ě 2, MKn´1 ĎKn´1M holds.
Proof. (1) Since Λ is an almost n-minimal Auslander-Gorenstein algebra,
we have I-domdimP ě n ` 1 for any projective Λ-module P . Let Y1 be in
ΩpΛ-modq. There exists an exact sequence 0 Ñ Y1 Ñ P1 Ñ Y
1
1 Ñ 0 where
P1 is a projective Λ-module. By [10, Corollary 3.2(1)], I-domdimY1 ě
mintI-domdimP1, I-domdimY
1
1 ` 1u ě 1. Let Y2 be in Ω
2pΛ-modq. Then
there exists an exact sequence 0Ñ Y2 Ñ P2 Ñ Y
1
2 Ñ 0 where P2 is a projec-
tive Λ-module and Y
1
2 is in ΩpΛ-modq. By [10, Corollary 3.2(1)] again, we
have I-domdimY2 ě mintI-domdimP2, I-domdimY
1
2 ` 1u ě 2. Continuing
this procedure, we get I-domdimYn`1 ě n`1 for any Yn`1 in Ω
n`1pΛ-modq.
Note that GPpΛq “ Ωn`1pΛ-modq since Λ is pn ` 1q-Gorenstein. Then
I-domdimX ě n` 1 holds for any X in GPpΛq.
(2) Let X be in MKn´1 . According to Theorem 4.13, HomApX,Mq is
a Gorenstein projective Λ-module. Then I-domdimHomApX,Mq ě n ` 1
by (1). On the other hand, we have I-domdimHomApX,Mq “ infti ě 1 |
ExtiApX,Mq ‰ 0u ` 1 by Proposition 3.5. Thus infti ě 1 | Ext
i
ApX,Mq ‰
0u ě n holds. This implies X PKn´1M .
4.4 Almost n-cluster tilting modules
In Corollary 4.14 we get a class of almost n-precluster tilting modules
M with MKF “ addM which correspond to almost n-Auslander algebras.
Since almost n-Auslander algebras are a generalization of n-Auslander alge-
bras and n-cluster tilting modules correspond to n-Auslander algebras (see
[13]), we get the following generalization of n-cluster tilting modules.
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Definition 4.16. Let A be an Artin algebra and M be an A-module. We
call M an almost n-cluster tilting A-module if it satisfies addM “ MKn´1,
τnM P addM and M -codimA ď 1.
The almost 1-cluster tilting module is just A-mod for a representation-
finite algebra A. For n ě 2, by Theorem 4.11 and Corollary 4.14, there
is a one-to-one correspondence between the equivalence classes of almost
n-cluster tilting modules over Artin algebras and the Morita-equivalence
classes of almost n-Auslander algebras.
Obviously we have the relation for the following three classes of modules:
{n-cluster tilting modules} Ď {almost n-cluster tilting modules} Ď {almost
n-precluster tilting modules}.
Fix an integer n, a natural question is whether the numbers of pair-
wise non-isomorphic indecomposable direct summands of modules in each
class are equal. Iyama proved in [13] that all 2-cluster tilting modules over
an Artin algebra share the same number of pairwise non-isomorphic inde-
composable direct summands. In [9], Chen and Ko¨nig generalized Iyama’s
result to maximal 2-precluster tilting modules. We give the following result
for almost 2-cluster tilting modules.
Proposition 4.17. Let M and N be almost 2-cluster tilting modules over
an Artin algebra A. Then ΛM “ EndAM and ΛN “ EndAN are derived
equivalent. In particular, |M | “ |N | holds.
To prove Proposition 4.17, we need the following lemma.
Lemma 4.18. Let M be an almost n-cluster tilting module over an Artin
algebra A and F “ FM be an additive sub-bifunctor of Ext1Ap´,´q. Then
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we have gldFA ď n´ 1.
Proof. If n “ 1, A is representation-finite and addM “ A-mod. Then
IpF q “ A-mod and gldFA “ 0.
Now assume n ě 2. ObviouslyM is also an almost n-precluster tilting A-
module. According to Theorem 4.13 (1) and (2),M is an F -tilting A-module
with pdFM ď n´1 andM
KF “MKn´1 . By the dual of [4, Theorem 3.2(a)],
MKF -codimX ď n ´ 1 holds for any A-module X. On the other hand, we
have addM “MKn´1 sinceM is an almost n-cluster tilting A-module. Note
that IpF q “ addM , then idFX ď n ´ 1 holds for any A-module X. This
implies gldFA ď n´ 1.
Now we are ready to prove Proposition 4.17.
Proof of Proposition 4.17. Since M is an almost 2-cluster tilting A-module,
by Lemma 4.18, we have gldFMA ď 1. Then idFMN ď 1 and there exists
an FM -exact sequence 0 Ñ N Ñ M0 Ñ M1 Ñ 0 with M0, M1 P addM .
Applying HomAp´,Mq yields a projective resolution 0Ñ HomApM1,Mq Ñ
HomApM0,Mq Ñ HomApN,Mq Ñ 0 of ΛM -module HomApN,Mq. This
shows that pdHomApN,Mq ď 1.
Consider the following commutative diagram
0 // ppN,Mq, pN,Mqq
–

// ppM0,Mq, pN,Mqq
–

// ppM1,Mq, pN,Mqq
–

// 0
0 // pN,Nq // pN,M0q // pN,M1q // 0.
The vertical maps are isomorphisms since the functor HomAp´,Mq is fully
faithful. The lower row is exact due to Ext1ApN,Nq “ 0. Then the upper
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row is also exact. This implies that Ext1ΛM pHomApN,Mq,HomApN,Mqq “
0. So HomApN,Mq is a partial tilting ΛM -module and we have |N | “
|HomApN,Mq| ď |ΛM | “ |M |. Similarly, we can get |M | ď |N |. Thus
|M | “ |N | holds and HomApN,Mq is a 1-tilting ΛM -module. Note that
EndΛMHomApN,Mq – EndAN “ ΛN , then ΛM and ΛN are derived equiv-
alent.
Remark 4.19. HomAp´,Mq sends almost 2-cluster tilting A-modules to
1-tilting ΛM -modules. Moreover, it is easy to check that HomAp´,Mq in-
duces a duality between A-mod and the subcategory of ΛM -modules with
projective dimension at most 1. This is a generalization of [11, Proposition
4.4].
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